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The radiative heat transfer between gold nanoparticle layers is presented using the coupled dipole
method. Gold nanoparticles are modelled as effective electric and magnetic dipoles interacting via
electromagnetic fluctuations. The effect of higher-order multipoles is implemented in the expression
of electric polarizability to calculate the interactions at short distances. Our findings show that
the near-field radiation reduces as the radius of the nanoparticles is increased. Also, the magnetic
dipole contribution to the heat exchange becomes more important for larger particles. When one
layer is displayed in parallel with respect to the other layer, the near-field heat transfer exhibits
oscillatory-like features due to the influence of the individual nanostructures. Further details about
the effect of the nanoparticles size are also discussed.
PACS numbers:
I. INTRODUCTION
Noble metallic nanoparticles (MNPs) have been ex-
ploited in a wide range of technological applications due
to their unique properties. In particular, their strong ab-
sorption of radiation together with the ability of control
of localized surface plasmon resonances have been key
factors in a number of optical devices [1, 2]. For many
targeted uses and perspectives, periodic two- or three-
dimensional MNP arrays have been utilized [1, 3, 4]. It
was shown that many-body effects enhance the electro-
magnetic behavior of the system compared to the one of
the individual particles. As two nanoplasmonic arrays
are brought at small separations and maintained at dif-
ferent temperatures, radiative heat transfer occurs. The
origin of this exchange process originates from the elec-
tromagnetic fluctuations between the objects [5]. Since
the electric properties of MNs are sensitive to the ex-
ternal fields [6], it is possible to employ these fields to
change the heat radiation. Much experimental [7–9] and
theoretical [10–15] efforts have been devoted in under-
standing this phenomenon and finding ways for efficient
control.
II. THEORETICAL BACKGROUND
In this work we focus on the radiative heat transfer be-
tween two gold MNP layers. Each nanoparticle is mod-
elled as a dipole. Each layer consists of 20 × 20 identi-
cal particles separated by 1 nm, as shown in Fig.1. It
is assumed that each nanoparticle has a spherical shape
with radius R and the dielectric and magnetic proper-
ties are described via a dipolar model. The radiative
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heat exchange Pi→j(ω) between the i-th and j-th dipoles
consists of electric P ei→j(ω) and magnetic P
m
i→j(ω) con-
tributions [16, 17], as follows:
P ei→j(ω) =
ωε0
pi
Imαej(ω)
〈|Eji|2〉 ,
Pmi→j(ω) =
ωµ0
pi
Imαmj (ω)
〈|Hji|2〉 , (1)
where αej(ω) and α
m
j (ω) are the electric and magnetic
polarizabilities, respectively, of the j-th dipole with an
electric pj and magnetic mj components. Also, Eji and
Hji are the electric and magnetic fields, respectively, at
position rj due to the fluctuations of dipole. ε0 is the
vacuum permittivity and µ0 is the permeability of free
space. The relation between Eji and the electric dipole
moment pj is given Eji(ω) = µ0ω
2G(rj , ri, ω)pi [5, 18].
Here G(rj , ri, ω) is the dyadic Green tensor [18]. Using
the fluctuation dissipation theorem [5], one finds
〈
Eji(ω)E
∗
ji(ω
′)
〉
= µ20ω
2ω′2
∑
k,l,t
Gkl(rj , ri, ω)
× G†kt(rj , ri, ω′)
〈
pi,l(ω)p
∗
i,t(ω
′)
〉
,〈
pi,l(ω)p
∗
i,t(ω
′)
〉
=
2ε0
ω
Imαei (ω)Θ(ω, Ti)δltδ(ω − ω′),
Θ(ω, Ti) =
~ω
e~ω/kBTi − 1 , (2)
where k, l, t = x, y, z; ~ is the Planck constant, kB is the
Boltzmann constant, Ti is the temperature of dipole i.
Solving Eq.(1) and Eq.(2) together, the exchanged
power caused by the electric dipoles is found to be:
P ei→j(ω) =
2
pi
ω4
c4
Imαej(ω)Imα
e
i (ω)Θ(ω, Ti)
× Tr (G(rj , ri, ω)G(rj , ri, ω)†) , (3)
where c is the speed of light.
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FIG. 1: (Color online) Schematic representation of two layers
of gold MNPs kept at temperature T and 0 K on the top
and bottom, respectively. The two surfaces are separated
by a distance a. The separation between centers of adjacent
MNPs is d = 2R + 1 nm.
Similar considerations apply for the magnetic dipole
moments and the magnetic fields, yielding Hji(ω) =
(ω/c)2G(rj , ri, ω)mi [19].Consequently, the correlation
functions for the magnetic dipoles is expressed as [16]〈
mi,l(ω)m
∗
i,t(ω
′)
〉
=
2δlt
ωµ0
Imαmi (ω)Θ(ω, Ti)δ(ω − ω′).
(4)
Thus the exchanged power due to the magnetic field
fluctuations becomes
Pmi→j(ω) =
2
pi
ω4
c4
Imαmj (ω)Imα
m
i (ω)Θ(ω, Ti)
× Tr (G(rj , ri, ω)G(rj , ri, ω)†) . (5)
Since particles are taken to be identical, one has
αe,m1 = α
e,m
2 = ... = α
e,m
N = α
e,m. It is important to
note that since the separation distance between two ad-
jacent gold NPs is not much larger than their radius,
the influence of higher-order multipoles (quadrupole in
our calculation) on the polarizability of MNPs should be
taken into account. We can introduce the effective elec-
tric and magnetic polarizabilities for MNPs (R less than
the skin-depth) derived from the Mie scattering theory
[20, 21]
αe(ω) = 4piR3
[
ε− 1
ε+ 2
+
1
12
(
ωR
c
)2
ε− 1
ε+ 3/2
]
,
αm(ω) =
2pi
15
R3
(
ωR
c
)2
(ε− 1), (6)
where ε(ω) is the dielectric function of gold NPs. The
first and second term in the expression of αe(ω) corre-
spond to the dipole and quadrupole contributions, re-
spectively. Authors in Ref.[22] used the dipole term and
indicated that the distance between centers of MNPs
should be at least few times greater than their radius
R to ensure the validity of the model for αe(ω). The
quadrupole term added in Eq.(6) allows us to calcu-
late the near-field heat transfer between nanoparticles
at shorter distances than calculations from other models
[16, 18, 22].
The heat interchange between two particles is calcu-
lated [5]
QTE,TMij (ω) =
∫ ∞
0
dω
[
P e,mi→j(ω)− P e,mj→i(ω)
]
, (7)
The heat transfer per unit area from the top array to
the bottom array is calculated
Q =
N1∑
i=1
N1+N1∑
j=N1+1
(
QTEij +Q
TM
ij
)
/S (8)
where N1 = 400 is the number of NPs in top and bot-
tom object, S is the area of an array, QTE and QTM
are the radiative heat transfer of electric and magnetic
contribution in NPs, respectively. The first and second
sum correspond to the summation of nanoparticles in the
bottom and top layer.
III. NUMERICAL RESULTS AND
DISCUSSIONS
Increasing the distance d leads to the increase of center-
center distance between particles in the systems. The
importance of the many-particle effect significantly re-
duces. Therefore, in our paper, we chose d = 2R+ 1 nm
to be suitable with pervious experiments [4] and clearly
exhibit the many-body effects.
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FIG. 2: (Color online) The radiative heat transfer between
two gold MNP layers as a function of separation distance a at
different temperatures T using the Lorentz-Drude and Drude
model for the dielectric function.
The dielectric function of gold NPs is modelled by the
Lorentz-Drude (LD) model [23]
ε(ω) = 1− f0ω
2
p
ω(ω + iΓ0)
+
∑
j
fjω
2
p
ω2j − iωΓj − ω2
, (9)
3where f0 and and ωp are 0.845 and 9.01 eV, respec-
tively. Also, fj are the oscillator strengths corresponding
to characteristic frequencies ωj and damping parameters
Γj given in [23]. These parameters were fitted from data
set that was measured for gold nanostructure. The first
two terms in Eq.(9) describe the contribution of a free
electron gas to the response, while the other terms repre-
sent interband transitions. In previous studies, authors
used the Drude model ε(ω) = 1− ω2p/ω(ω + iΓ0) for the
dielectric function of gold. The model is suitable for the
dielectric response of bulk, however. The inclusion of the
Lorentz oscillators accounts for the localized surface plas-
mon modes of MNPs with wavelengths ∼ 500 nm. Note
that the finite spherical size of the nanoparticles affects
the damping parameter Γ0 for gold. Here we take that
Γ0 → Γ0 + Avf/R [24]. For gold, the parameter A ≈ 1
and vf is the Fermi velocity of gold [24].
We note that the finite size of the nanoparticles, taken
via the modification in Γ0, can play an important role in
the heat exchange process. Fig. 2 shows a comparison
between the heat transfer between two MNP arrays using
the LD and Drude model. The bottom layer is kept at
T0 = 0 K, while the top layer is maintained at a finite
temperature T . [25]. For the two chosen temperatures, Q
is much larger for the LD model. The huge difference for
two models shows that it is impossible to obtain correct
value with the Drude model because of the neglect of the
bound electron contribution in the polarizability.
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FIG. 3: (Color online) The heat flux between two gold
nanoparticle layers as a function of ω with a variety of R
and T at a = 10 nm.
To investigate the radiative heat transfer, we have to
know the frequency range that is important for the ther-
mal conductance through the heat flux as a function of
frequency. The expression of the heat transfer between
two arrays versus ω is given
P (ω) =
∑
s=e,m
N1∑
i=1
N1+N1∑
j=N1+1
[
P si→j(ω)− P sj→i(ω)
]
(10)
where N1 = 400 is the number of nanoparticles in a layer.
The first sum corresponds to the two modes (TE, TM),
the second one - to the number of particles in the top
layer, and the third one - to number of particles in the
bottom layer. Figure 3 shows the heat transfer versus
frequencies with different sizes of NPs. The radiative
heat transfer is contributed significantly by frequencies
ranging from 2× 1013 to 6× 1014 rad/s. The position of
the peak of P (ω) shifts from left to right when enlarging
the nanoparticle’s radius.
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FIG. 4: (Color online) The heat exchange due to magnetic
dipole QTM and electric dipole QTE contribution at temper-
ature T = 300 and 500 K are calculated for different MNPs
with different radii.
We also investigate how Q is affected by the TE and
TM modes of the system. Fig.4 shows that for spheres
with smaller R, QTE is dominant. As the radius is in-
creased, the contribution from QTM becomes more sig-
nificant. The role of the quadrupole term in the electric
polarizability in the absorption and scattering spectrum
of MNPs becomes considerable when the NP radius is
large [21] because of the proportionality of the term to
R5. The higher-order multipole terms are found to be
proportional to R2l+1/[ε+(l+1)/l] with the integer l ≥ 3.
Nevertheless, the quadrupole and higher-order multipole
contribution to the heat transfer for the studied struc-
tures are small. This is due to the large denominator
[ε+(l+1)/l] and small radius R. The contribution of the
magnetic polarizability to the heat radiation surpasses
that of the quadrupole term. Using Eq. (3), (5) and (6),
one finds that QTM ∼ R10 and QTE ∼ R6. Thus increas-
ing the MNP radius enhances the effect of the magnetic
polarizability and reduces the influence of the electric
polarizability in the near-field radiation. At certain tem-
perature T and separation distance a, the heat radiation
between the two nanoparticles is amplified as R increases.
In the layered systems, however, the heat flux QTM and
QTE dramatically decreases because the distance from a
particle to particle located in different layers, except for
the nearest neighbors, increases. In comparison with bulk
4material and thin film systems, the near-field radiation
of the nanoparticle arrays is weaker. The main reason is
that the layer systems have a thin thickness and spacing
between among MNPs in the same array. The total heat
flux Q is 1.92, 1.82 and 1.78 times greater than the heat
flux of 400 nearest neighbor pairs of particles placed two
arrays at a = 2 nm for R = 5, 9, 12 nm, respectively.
The ratios decrease when the separation a is expanded
since the many-body effects are strengthened if rij/a is
smaller, here ri and rj are the positions of particles in
different layers, and rij = ri − rj .
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FIG. 5: (Color online) The radiative heat transfer QTE and
QTM at a = 10 nm as a function of displacement along x axis
of the top gold MNP layers with R = 12 nm shown in (a),
(b), (c) and (d) at 300 and 500 K. The net heat flux versus
x with R = 5 and 9 nm described in (e) and (f), respectively,
at 300 and 500 K.
In Fig.5, we show results for the heat transfer for the
TE and TM modes when there is relative translational
displacement along the x axis between the two MNP lay-
ers. It is found that the maximum heat is transferred
when the layers are completely overlapping (x = 0). As
the relative displacement between the layers is increased,
QTE , and QTM decrease at an oscillatory-like fashion.
One finds that the period of oscillations of 25 nm for the
R = 12 nm spheres corresponds to distance separation
between two neighboring nanoparticles in a layer.
Combining the contributions from both modes, it is
found that the oscillatory-like behavior of Q vs x is not
as pronounced, although some oscillations are seen for
the the nanoparticles with radius R = 9 nm (Fig.5 e
and f). Our calculations indicate that the heat transfer
depends strongly on the overlap between the two lay-
ers when sliding one array along x axis with respect to
each other. The oscillatory trends of QTE and QTM for
NPs R = 12 nm are observed by means of the couple
dipole method in Fig.5 (a), (b), (c) and (d). It is very
easily to see that the period of this oscillatory behavior
between two neighboring peaks is approximately 25 nm,
which relatively corresponds to the distance d between
two nearest NPs at the same array. It suggests that the
oscillatory feature depends on how well the horizontal
plane projections of the top gold NP array and the bot-
tom one matches each other. For R = 9 nm, Fig.5 (c) and
(d) still show the periodic oscillation in the heat trans-
fer band although this behavior is quite small. Thus one
can conclude that when a  R, the actual distribution
of the nanoparticles is not important, however, the over-
lap between the layers can change Q by several orders of
magnitude.
IV. CONCLUSIONS
This paper has presented theoretical calculations for
the near-field radiation in systems involving gold MNPs.
Our method can investigate the discrete nanostructures
with arbitrary geometries and consider the size effect of
NPs including in the dielectric response. We have consid-
ered the role of the structure of MNP layers on the heat
transfer when these two arrays are displaced with respect
to each other along parallel and perpendicular directions.
These results can provide guidelines for designing ther-
mal devices utilizing electromagnetic radiation.
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